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Nonlinear Sigma Models in (1 + 2)-Dimensions
and
An Innite Number of Conserved Currents
Kazuyuki FUJII and Tatsuo SUZUKIy
Abstract
We treat in this paper non-linear sigma models such as CP 1-model,
QP 1-model and etc, in 1 + 2 dimensions. For submodels of such ones
we denitely construct an innite number of nontrivial conserved cur-
rents. Our result is a generalization of that of authors (Alvarez, Fer-
reira and Guillen).
0 Introduction
Integrable models in (1 + 1)-dimensions are good toy models to understand
(1+3)-dimensional eld theories such as Yang-Mills one or Yang-Mills-Higgs
one. See, for example, [1].
They have an innite number of nontrivial conserved currents, which
usually correspond to an innite dimensional Lie algebra such as Kac-Moody
algebra, Virasoro algebra or W-algebra. See [2].
For many such models the equations of motion are formulated in terms of
the zero-curvature condition F01 = 0. Under this condition a holonomy oper-
ator doesn’t depend on paths whose end points are kept xed. Then we can
construct the conserved charges from this operator. See [3]. This method
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is very powerful and useful. But this is typical of one or two-dimensional
cases. To generalize the method to higher dimensional cases beyond the two
dimensions is not easy task. But recently Alvarez, Ferreira and Guillen in
the interesting paper [3] proposed a new idea to generalize the method in
two dimensions. In particular they dened a three dimensional integrability
and applied their method to the CP 1-model in (1 + 2)-dimensions to obtain
an innite number of nontrivial conserved currents. But their results (cal-
culation) are not complete. The aim of this paper is to give explicit forms
to conserved currents of a submodel of CP 1-model and also apply their !
method to other non-linear sigma models in (1 + 2)-dimensions to obtain an
innite number of nontrivial conserved currents.
1 Review of [3]
We rst make a review of [3] within our necessity.
Let M be a (1 + d)-dimensional dierential manifold and x0 2M a xed
point. We denote by G a Lie group and by L0M a path space on M starting
from x0,
L0M  fx : [0; 2]!M jx() 2M;x(0) = x0g: (1)







W = 0 on Γ 2 L0M; (2)
where A( = 0; 1;    ; d) is a connection on a principal G-bundle on M . We
set the initial condition W (0) = I. We note that W is not a local function
of x = (x) and is usually given by the path-ordered integral.
We investigate the conditions under which W becomes local. For this aim
we study a variation of W under deformations of Γ keeping the initial and








where F is the curvature of A,
F  @A − @A + [A; A ]: (4)
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If this curvature vanishes
F = 0; (5)
then W (2) = 0 from (3), so W becomes path-independent. Namely W is
a local function on Γ (W = W (x())).
From (2) A is written as
A = −@WW
−1: (6)
A is a pure gauge.
Next we consider a two-dimensional \holonomy" operator. Let Γ be a
xed loop at x0. We denote by SΓM a space of surfaces on M with the
boundary Γ,
SΓM  f : a surface on M j@ = Γg: (7)
Γ is parametrized by  2 [0; 2], so we parametrized  as follows.
We scan  with loops passing through x0 and being parametrized by
 2 [0; 2] such that  = 0 is the innitesimal loop around x0 and  = 2 is
Γ. We want to identify a surface  in SΓM with such a parametrization by
 2 [0; 2]. Here we introduce a gauge eld A and an anti-symmetric tensor
eld B . Then a two-dimensional \holonomy" operator V : SΓM ! G is
dened by the dierential equation
dV
d
− V T (B;A; ) = 0 on  2 SΓM (8)
where

















and W is given by (2) and x = x(; ). We set the initial condition
V (0) = I. In general there are an innite number of methods to scan  in
SΓM . The quantity V in (8) should not depend on such methods. Therefore
we assume A be flat (F = 0). Then W becomes local by the arguments
below (5), so T = T (B;A; ) in (9) becomes also local. But V itself is still
non-local. We research the conditions under which V becomes local. For this
3
aim we study a variation of V under deformations of  keeping the boundary

























DB  @B + [A; B ]:
If the R.H.S. of (10) vanishes, then V (2) = 0. Namely V becomes surface-
independent or V becomes a local function on .
A comment is in order. The R.H.S. of (10) is identied with the curvature
of a principal G-bundle on the loop space ΩG. See the appendix in [3]. Now
we can construct conserved charges from V . This is the main story of [3].
Next we must study the vanishing conditions of the R.H.S. of (10). First
we restrict a Lie group G. Let g be its Lie algebra. Here we assume g is
non-semisimple. If we set p be the radical of g, then g is decomposed into
g = h p by the Levi’s theorem [4]. Now we assume
A 2 g and B 2 p: (11)







x ] = 0: (12)
Second we restrict gauge elds A and B . We have choosed A a flat
connection (F = 0). Therefore if we have
G  DB +DB +DB = 0; (13)
the R.H.S. of (10) vanishes. That is to say, we call
F = 0 and G = 0 (14)
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local integrability conditions under (11).
Up to now our arguments are based on any (1 + d)-dimensional manifold






where 012 = 1 = −012. Then we have G = 0 , D ~B = 0. Therefore
we can write local integrability conditions (14) as
F = 0 and D ~B
 = 0: (16)
This is a typical feature of 3-dimensions.
Next let us construct a non-semisimple Lie algebra g^ starting from g. Let
R be a representation of g, R : g! gl(P ), where P is a representation space
(abelian ideal). The construction of g^ is as follows:
0! P ! g^! g! 0: (17)
Let fTag be a basis of g and fPig of P . The commutation relations in g^ are
[Ta; Tb] = f
c
abTc;
[Ta; Pi] = PjRji(Ta); (18)
[Pi; Pj] = 0:
Now we choose A and B as
A 2 g and B 2 P (19)





 = W−1D ~B
W = 0: (21)





so fJ ij1  i  dimPg is a set of conserved currents. This is just the one
which we are looking for. Therefore if the number of dierent representations
R is innite, we can get an innite number of conserved currents in this way.
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2 CP 1 model and its submodel
In this section we consider the CP 1-model in (1+2)-dimensions as an eective
example of the preceding theory. CP 1 (1-dimensional complex projective
space) is identied with SU(2)=U(1) and the embedding i : CP 1 ! SU(2) is
i(CP 1) =







well-known. But according to [3], we set v = iu (u 2 C) to obtain
i(CP 1) =



























where u : M1+2 ! C. Its equation of motion is
(1 + juj2)@@u− 2u@
u@u = 0: (27)















and the complex conjugate j; (31)
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corresponding to the number of generators of SU(2).
Next applying the preceding theory to this case, we must identify a
Lie algebra g^ in (17). Let g be sl(2,C), the Lie algebra of SL(2;C). Let
fT+; T−; T3g be generators of sl(2,C) satisfying































j(j + 1)−m(m 1)P (j)m1; (34)
[P (j)m ; P
(j)
n ] = 0
where m 2 f−j;−j + 1;    ; j − 1; jg and fP (j)m j − j  m  jg is a set of





is the highest (lowest) spin state. Now we must choose gauge elds A, B
or A, ~B in (15) to satisfy (16). From (24), we set























From this choice we have F = 0. A comment is in order. The Gauss
decomposition of W in (35) is given by




W = W2  e
iuT−e−’T3eiuT+ (39)
where ’ = log (1 + juj2). Now it is easy to show that CP 1-model satises
the local integrability conditions
F = 0 and D ~B
(1) = 0 (40)
from (36) and (37). Therefore the conserved currents (20) are
J (1)  W









where coecients are given by (29), (30), (31). This is not the end of our














−1 ) is not the highest (lowest)
spin state. If we assume D ~B























we must add a new constraint in addition to the equation of motion (27):
(1 + juj2)@@u− 2u@
u@u = 0 and @
u@u = 0:
Namely
@@u = 0 and @
u@u = 0: (44)
We call this one a submodel of CP 1-model according to [3]. Then the con-
served currents are
J (j) W






In [3] they determined fJ (j;m) j jmj  jg for j = 1; 2; 3 only and left the
remaining cases. In fact to determine these for any j 2 N is not so easy
(hard work). But we did this. Namely the result is
8
Proposition 2.1 we have
(a) for j  m  1,
J (j;m) =
vuut (j +m)!
















(b) for m = 0,









(c) for j  m  1,



























3 CP 1-like models and its submodels
In this section, we consider CP 1-like sigma models in (1 + 2)-dimensions.







where u : M1+2 ! C. When j = 1, (51) reduces to CP 1-model. A comment
is now in order. The action (51) is not invariant under the transformation








But for the sake of simplicity, we consider (51) only in this paper. The
equation of motion of (51) reads
(1 + juj2)@@u− (j + 1)u@
u@u = 0: (53)











































If we assume D ~B
 = 0, then we have
(1 + juj2)@@u− (j + 1)u@
u@u = 0 and @
u@u = 0: (56)
We again call this a submodel of CP 1-like model. For this model, the local
integrability conditions (F = 0 and D ~B
 = 0) are satised. Therefore,








We can determine J (j;m) completely.
Proposition 3.1 For j  m  −j, we have







where  and  are some constant (we don’t need the explicit forms).
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; n 2 Z (59)
and its complex conjugate J (n) are conserved currents.
4 QP 1 model and its submodel
In this section, we consider the QP 1-model in (1 + 2)-dimensions. QP 1 (1-
dimensional quasi projective space) is identied with SU(1; 1)=U(1) = D =






















See [5], in detail.







where u : M1+2 ! D. Its equation of motion is
(1− juj2)@@u+ 2u@
u@u = 0: (63)
This model is invariant under the transformation u ! 1=u in (28). This










and the complex conjugate j; (66)
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corresponding to the number of generators of SU(1; 1). The complexication
of both SU(2) in section 2 and SU(1; 1) in this section is just SL(2;C).
Therefore, the arguments in section 2 are still valid in this section. Namely
we set








For this, the Gauss decomposition is given by
W = W1  e
iuT+e’T3e−iuT− (68)
or
W = W2  e
−iuT−e−’T3eiuT+ (69)















Then, we easily have
F = 0 and D ~B
(1) = 0; (72)
so the conserved currents are
J (1) W









where coecients are (64), (65), (66).



































Therefore, we consider a submodel of QP 1-model,
@@u = 0 and @
u@u = 0: (76)
Then we have the local integrability conditions F = 0 and D ~B
(j) = 0.
The conserved currents are
J (j) W






Similarly to Prop 2.1,
Proposition 4.1 we have
(a) for j  m  1,
J (j;m) =
vuut (j +m)!















(b) for m = 0,









(c) for j  m  1,




























In this paper, we gave explicit forms to nontrivial conserved currents of sub-
models of CP 1-model, CP 1-like models andQP 1-model in (1+2)-dimensions.
Our result is a generalization of that of [3].
We also take an interest in whether or not our results can be generalized
for the CPN -model or QPN -model in (1 + 2)-dimensions.
On the other hand, they in [3] dened a four dimensional integrability
and applied their method to the self-dual Yang-Mills model or other models.
But their arguments are a bit unclear (at least to us).
In a forthcoming paper, we shall make an attack to these problems.
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